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1 Introduction 

Finsler geometry is an important generalization of Riemannian geometry. It 
was introduced by P. Finsler in 1918 from considerations of regular problems 
in the calculus of variations. In Finsler geometry metric needs not to be 
quadratic on the tangent spaces, thus the structure of Finsler spaces is 
much more complicated then the structure of Riemannian spaces. But many 
notions and theorems were generalized to Finsler geometry from Riemannian 
geometry. 

In [1], [2] the following result was proved. 
Theorem 1. 

Let M""*"^ be an (n+l) -dimensional Hadamard manifold with the sectional 
curvature K such that — /c^ ^ i^T ^ ^1,^2 > 0. Let he a compact X- 

convex domain in M""*"^ (i.e. domain, whose boundary is a regular hypersurface 
with all normal curvatures that are greater or equal than A ) with A ^ ^2 • Then 
there exist functions a(r) of the inradius and (3{R) of the circumradius such 



that a{r) l/{nki) and (3{R) \/{nk2) as r and R go to infinity and that 

a consequence, for a family {^{t)}t£R+ of compact X-convex domains 
with X ^ k2 expanding over the whole space we obtain 

^ Voi(n{t)i voiinjt)) ^ 1 

nki ^ Vol{dn{t)) ^ '""P Vol{dn{t)) ^ nki' 

Our goal is to generalize this theorem for Finsler manifolds. We consider 
metric balls as the family We shall also need bounds for one of 

non-Riemannian curvatures, namely S-curvature. As the result we prove the 
following theorem. 

Theorem 2. 

Let (M""*"^, F) be an {n+1)- dimensional Finsler- Hadamard manifold that 
satisfies the following conditions: 

1. Flag curvature satisfies the inequalities — ^ iiT ^ ki,k2 > 0, 

2. S-curvature satisfies the inequalities n5i ^ S ^ n52 such that Si < ki. 

Let Bl!'~^^{p) be the metric ball of radius r in M"+^ with the center at a point 
p G M"+i, Sl'(p) = dBl'+'^ip) be the metric sphere. Let Vol = f dVp be 
the measure of Busemann-Hausdorff, Area = J dAp the induced measure on 
S'!j^{p). Then there exist functions f{r) and J^{r) such that f{r) l/{n{k2 — 
62)) and T{r) — \/{n{ki — 5i)) as r goes to infinity and that 

^^"^^^ Area{S?{p)) 

Here 

f(r\ = ^ ( ^ '1 (p-'ik2r _ p-nr(fc2-<52)- 

J^') (1 _ e-2fe2r)n \^n{k2 - 82) n{k2 - 62) - 2k2 ^ 

n(fci - di) 

As a consequence, for a family {.B""'"^(p)}r^o '^e have 



n{k2 — r->oo AreaiSl^ip)) r-»oo v4rea(S'^(p)) n{k\ — b\) 

If{M'^~^^,F) is a space of constant flag curvature K = —k"^ and S-curvature 
S = nS, S < k, we have 

Voi{B';+\p)) 1 

lim — 



*oo Area(S'^(p)) n{k — 6) 
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For a Riemannian space S = and Theorem 2 is a special case of 
Theorem 1. 

In the section 4 we give estimates for the volume growth entropy of the 
balls. 

2 Preliminaries 

In this section we recall some basic facts and theorems from Finsler geometry 
that we need. See [3], [4], [5] for details. 

2.1 Finsler Metrics 

By definition, a Finsler metric on a manifold is a family of Minkowski 
norms on the tangent spaces. A Minkowski norm on a vector space is a 
nonnegative function F : — [0, oo) with the following properties 

1. F is positively homogeneous of degree one, i.e., for any y G and 
anyA>0, F(Ay) = AF(y); 

2. F is C°° on F"\{0} and for any vector y G the following bilinear 
symmetric form Qy : X — > M is positive definite, 

1 92 

9y{u,v) := --^[F^{y + su + tv)]\s=t=o■ 
T'he property 2. is also called the strong convexity property. 
The Minkowski norm is said to be reversible if F{y) = F{—y), y G F". 

In this paper, Minkowski norms are not assumed to be reversible. 

By 1. and 2., one can show that F{y) > for y 7^ and F{u + v) ^ 

F{u) + F{v). See [4] for a proof. 

A vector space with the Minkowski norm is called a Minkowski 

space. Notice that reversible Minkowski spaces are finite- dimensional Banach 

spaces. 

Let {V,F) be the Minkowski space. Then the set / = ^"^(1) is called 
the indicatrix in the Minkowski space. It is also called the unit sphere. 

A set [/ C is said to be strongly convex if there exist a function F 
satisfying 2. such that dU = F~^{1). Remark that a strong convexity is 
equivalent to a positivity of all normal curvatures of dU for any euclidean 
metric on V^. 

Let be an n-dimensional connected C°°-manifold. Denote by TM" = 
UxeM" ^2^-^" the tangent bundle of M", where T^M" is the tangent space 
at X. A Finsler metric on M" is a function F : TM'^ — [0, 00) with the 
following properties 

1. F is C°° on TM"\{0}; 
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2. At each point x G M", the restriction -F|Ta,M" is a Minkowski norm on 
The pair (M", F) is called a Finsler manifold. 

Let (M", F) be a Finsler manifold. Let (x*, y*) be a standard local coordinate 
system in TM", i.e., are determined by y = i/-j^\x- For a non-zero vector 
y = y*^' P"* 9ij{x,y) ■= ^[F\iyj{x,y). The induced inner product gy is 
given by 

= gij{x,y)uV , 

where u = u^-£^\x, v = v''-^\^. 

By the homogeneity of F, we have F(x, y) = y/gy{y,y) = y^gij{x,y)y^y^ . 

In the Riemannian case gij are functions of x G only, and in the 
Minkowski case gij are functions of y G T^M'^ = only. 



2.2 Measuring of Area 

The notions of length and area are also generalized to Finsler geometry. 
Given a Finsler metric on a manifold M". 

Let {cj}"^^ be an arbitrary basis for T-^M" and {9^}^^^ the dual basis 
for r^*M". The set 

5^ = {(y^)GM":F(x,2/^e,)<l} 

is an open strongly convex open subset in M", bounded by the indicatrix in 
TjM". Then define 

dVp = aF{x)e^ A ... A r , 

where 

apix) :^ 



Here VoIe{A) denotes the Euclidean volume of A, and is the standard 
unit ball in M". 

The volume form dV}.- determines a regular measure Volp = j dVp and 
is called the Busemann-Hausdorff volume form. 

For any Riemannian metric gij(x)u^v^ the Busemann-Hausdorff volume 
form is the standard Riemannian volume form 



dVg = ^Jdet{gij)e^ A ... A r. 



Let (p : iV"-i M" be a hypersurface in {M"-,F). 

The Finsler metric F determines a local normal vector field as follows. A 
vector Hx is called the nortncil vector to A'^"' ^ at x G A^"' ^ if Hx G T^^x) 
and gn^ (y, rix) = for all y G Tx^'K It was proved in [4] that such vector 
exists. Notice that in general non-symmetric case the vector —Ux is not a 
normal vector. 
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Define now an induced volume form on N" . Let n be a unit normal 
vector field along N^"^ . Let F = ip*F be the induced Finsler metric on N^"^ 
and dV-p be the Busemann-Hausdorff volume form of F. For x G N^~^ we 
define 

^ VoIe{B^) VolE{Br\n^)) 

Here B'^ = {{y^) G M" : F{i/ei) < l}. To define B^-^{n^) we take a basis 
{e.j}"^^ for T(p(a,)M" such that ei = n^; and {ej}'L2 is a basis for TxN"'~^. 
Then B'!j^^^{nx) = {{y^) G M"~^ : F{y^ej) < l}, where the index j passes 
from 2 to n. 

Note that if F is Riemannian, then C = 1- 

Set 

(i^F := C{x,nx)dV-p. 

The form is called the induced volume form of dVp with respect to n 
[4]. 

The sense of defining such volume form is given by the co-area formula 
[4]. We shall need the co-area formula in one simple case for metric balls: 

/•r 

Vol{B{r,p)) = I Vol{S{t,p))dt. (1) 
Jo 

Here Vol{S{t,p)) is the induced volume on S{t,p). 



2.3 Geodesies, Connections and Curvature 

Locally minimizing curves in a Finsler space are determined by a system of 
second order differential equations (geodesic equations). 

Let (M", F) be a Finsler space, and c : [a, b] — > M" a constant speed 
piecewise C°° curve F{c,c) = const. Denote the local functions G^{x,y) by 

G\x,y) = {2^{x,y) - ^i-,y)} vV- 

We call G^{x,y) the geodesic coefficients [4]. Notice that in Riemannian case 
G'{x,y) = m,ix)y'yK 

Consider the functions Nj{x, y) = ^-{x, y). They are called the connection 
coefficients. At each point x G M'^, define a mapping 

D : T^W X C°°(TM") ^ T^M" 

by 

DyU := {dU\y) + W N]{x,y)}-^\x, 

where y G T^M" and U G C°°(rM"). We call DyU{x) the covariant 
derivative of f/ at x in the direction y. 
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If c is a solution of the system DcC = then it is called a geodesic. 

Next, we introduce a notion of curvature in Finsler geometry. At first, 
we consider the generalization of Riemann curvature. In 1926, L. Berwald 
extended the Riemann curvature to Finsler metrics. 

Let (M", F) be a Finsler space. For a vector y G ra;M"\{0} consider the 
functions 

* dx^ dx^dy^ dy^dy^ dy^ dy^ 

For every vector y G T-eM"\{0}, define a linear transformation 

d 

Ry = R!l{y)—^®dx\. 

Then the family of transformations 

R = {Ry : r,M" ^ T^M'',ye r^M"\{0},x G M'^} 

is called the Riemann curvature [4]. 

Let P C TxM'^ be a tangent plane. For a vector y G P\{0}, define 

K{P,y) - 9y{Ry{y),u) 



9y{y, y)9yiu,u) - gy{y,uy 

where u & P such that P = span{y,u}. K(P,y) is independent of ti G P. 
The number K{P,y) is called the flag curvature of the flag {P,y) in T^M"^ . 

The flag curvature is a generalization of the sectional curvature in Riemannian 
geometry. It can be defined in another way. For a vector y G Tj;M"\{0} 
consider the Riemannian metric g{u,v) = gY{u,v). Here the vector field Y 
is an arbitrary extension of the vector y. Then the flag curvature K{P,y) of 
the flag (P, y) in the Finsler metric F is equal to the sectional curvature of 
the plane P in the metric g{u,v) . If we change y, then g{u,v) and K(P,y) 
will also change [3]. 

Define the Ricci curvature by 

n 

Ric{y) = Y,K{y)- 

i=l 

A simply-connected Finsler space with non-positive flag curvature is 
called a Finsler-Hadamard space. In these spaces the generalization of Cartan- 
Hadamard's theorem holds [6]. 

The notions of exponential map, completeness, cut-locus, conjugate and 
focal points in Finsler geometry are defined by the same way as in Riemannian 
geometry. For details, see [4]. 

Finally, we introduce some more functions which are called non- Riemannian 
curvatures. These curvatures all vanish for Riemannian spaces. We shall need 
only one of this curvatures, which is closely connected to the volume form. 
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Let (M", F) be a Finsler space. Consider the Busemann-Hausdorff volume 
form dVp with the density ap. We define 



T is called the distortion of {M'^,F). The condition r = const implies F is 
a Riemannian metric [4]. 

To measure the rate of changes of the distortion along geodesies, we can 
define [3,4,5] 

S{x,y) = ^ [T{cit),cm \t=o, y G T,M" 

where c{t) is the geodesic with c(0) = y. S is called the S-curvature. It is also 
called the mean covariation and mean tangent curvature. The local formula 
for the iS-curvature is 

S(x,y) = N^{x,y) - -^^(x). 



One can easily show that S = for any Riemannian metric. 
A Finsler metric F is said to be of constant S-curvature S if 

S{x,y) = SF{x,y) 

for all y E Ta;M'*\{0} and a; G M". The upper and lower bounds of S- 
curvature are defined by the same way. 



2.4 Geometry of Hypersurfaces and Comparison Theorems 

Let (M", F) be a Finsler manifold and ip : iV""^ — M" be a hypersurface. 
Let F = ip*F denote the induced Finsler metric on N^~^. Let p be a C°°- 
distance function on an open subset U C M"- such that p~^{s) = N"'~^ n U 
for some s. Let dVp denotes the Busemann-Hausdorff volume form of F, dAf 
denote the induced volume form of N^~^ = p~^{t). Let c{t) be an integral 
curve of Vp with c(0) G A^""^ We have p{c{t)) = t, hence c{s) G N^+^ for 
small £ > 0. By definition, the fiow (ps of Vp satisfies 

^£(c(s)) = c{s + e). 

: N""'^ r\U = N^-^ N^-}. 

The (n — l)-form (pldAg+e is a multiply of dAg. Thus there is a function 
e(x,e) on iV"-^ such that 

(t)ldAs+e\x = e{x,e)dAs\^,, Vx G Ar"-\ 

e(a;,0) = 1, Vx G iV'*-^ 
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Set 

d 

= ^ (lne(x,e)) \e=0- 

is called he mean curvature of N'"'^^ at x with respect to Hx ■= V Px [4]- 
We also need some estimates on the mean curvature of the metric sphere. 
The following theorem gives these estimates. For a given real A, put 

smi^/Xt) , 
sx{t) = — ^ > 0> 

sx{t) =t, A = 0, 

, . sinhfv/— At) 
sx{t) = ^ < 0- 

Theorem 3. [4] 

Let {M'^,F) be an n-dimensional positively complete Finsler space. Let 
Ut denote the mean curvature of S{p,t) in the cut-domain of p with respect 
to the outward-pointing normal vector. 



1. Suppose that 
Then 

2. Suppose that 
Then 



K S ^{n- 1)6. 

n,^(n-l)f§-(n-l)5. (2) 
Saw 



Ric ^ nA, -{n-l)5. 



nt^(n-l)^ + (n-l)5. (3) 

SAW 

Theorem 4. [4] Let {AL^,F) he an n-dimensional positively complete 
Finsler space. Suppose that for constants A ^ and 5 ^ Q with \/—X — 5 > 0, 
the flag curvature and the S-curvature satisfy the inequalities 

K ^X, S ^{n- 1)6. 

Then for any regular domain CI C M", 

Voi{dn) 



Voi{n) ^ 



in-l){V^-6) 



Remark that the right asymptotic estimate in Theorem 2 is proved in 
Theorem 4. 
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3 Relation between area and volume for balls in 
Finsler-Hadamard manifolds 



In this section we prove Theorem 2. 
Proof of Theorem2: 

Let SpM^^^ denote the unit sphere in TpW+'^. Fix a vector y G SpW+'^. 
Let {ei}"+/ be a basis for Tj,M'*+^ such that 

ei = y, 9y{y, ei) = 0, 1 = 2, n + 1. 

Extend {eJ^Lj^ to a global frame on TpM^^^ in a natural way. Let {O'^j^^i 
denote the basis for T*M'^^'^ dual to {ej}^+^^ Express dVp at p by 



dVpip) = (TF{p)e^ A ... A ^"+\ 



VolE{{{t) G : Fitei) < 1}) ' 

Thus we obtain the volume form dVp on TpM^~^^. Denote by dAp the induced 
volume form by dVp on 5pM"+^ . 

Define the diffeomorfism <ft : SpM''+^ Sp{p) [4] by 

iftiy) = ewpity), y e SpM''+^, t ^ 0. 

Let dAi denote the induced volume form on -S'"(p) by dVp. Define 

r/t:5pM"+i^[0,oo) 

by 

"Pt'^-M^y) = Vt{y)dAp\y. (4) 
Integrating (4) over SpM'^'^^, we have 

Area{S?{p)) = [ rit{y)dAp. 
Applying the co-area formula (1), we obtain 

VoliBl^+\p)) = [[ I Vs{y)dAp] ds. 

Jo \^5pM"+i J 

Remark that in the Riemannian case r]t is the Jacobian of the exponential 
map, and the explicit expression for the Jacobian gives us all the necessary 
estimates. Unfortunately, the integration of such estimates only leads to 
"coarse" estimates for Finsler geometry. 

Now, let us estimate rjt- For a small number e > define the flow 

(j)^{x) = (fit+e o <Pt^{x), X G S^{p). (5) 
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For a point x G S^{p), there is an open neighborhood U oi x such that 
0£ is defined on U. The Cartan-Hadamard theorem guarantees the non- 
existence of conjugate points in all M"'~^^, i.e., the existence of metric balls 
of arbitrary radii. 

As in the definition of mean curvature define Q{x,e) by 

(f>*edAs+e\x = @{x,e)dAs\x. 

Using (4), (5) we get 

G(a;,£) = ^gM, x = My)- (6) 

Let lit denote the mean curvature or Sf{p) at x with respect to the 
outward-pointing normal vector. Prom the definition of mean curvature and 
(6), we have 

n, = ^(lne(x,6))|,=o = |(lnr?,(y)). (7) 
Define Xi{t) by 

Then we have 

^(Inxi(t)) = nki coi\i{kit) - nSi. (8) 

Taking into account the restrictions on curvature we can apply Theorem 
3. Then using (2), (3) we get 

nki coth{kit) — n6i ^ lit ^ nk2 coth{k2t) — nS2- 

This implies: 
and 

vt2{y)xiiti) ^ ??ti(y)xi(*2), 
Vt2{y)x2{ti) ^ vti{y)x2{t2), o<ti^ t2. 

Integrating over SpM'^'^^ with respect to dAp, we obtain 

Area{Sg{p))xi{h) ^ Area{Sl{p))xi{t2), 

Area{Slip))x2iti) ^ AreaiSl{p))x2{t2), 0<h^ t2. 
Integrating from to t2 with respect to ti, we obtain 

Area{S^^{p)) T xiit)dt > Vol{Bl+\p))xi{t2l 
Jo 
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AreaiSlip)) [ ' X2{t)dt ^ Vol{B^+\p))x2{t2), < t2. 
Jo 

Hence, we get 



XI (r) AraiiSl'ip)) X2{r) 



ir 

/;(e-'^^^sinh(A:2t))"d^ Vol{Bj;^+\p)) ^ (e-^^* sinh(fcit))^ 



(e-'^a^ sinh(A;2r))" ^ Area(S'^(p)) ~" (e-'^i^ sinh(A;ir))'' 
Let us estimate these integrals. 



, r > 



/J" (e-^i*sinh(A;it))"di _ 1 



-Sit ^ ^ ^ 



dt ^ 



(e-'^i'' sinh(A;ir))" (e-'^i^)" Jq y e^^i^ - e-'=i'' 

We can estimate the following integral by using the fact that (1 — a)" ^ 
1 — na for ^ a ^ 1. 



Jo (e--^^* sinh(A;2t)) " dt _ e^^^r 



(e-'52'- sinh(A;2r))" (1 - e-^fcar 



(1-e- 



(1 _ e-2fc2r)" 
1 

(1 _ e-2fc2r)'^ 



1 



n(fc2 - (^2) 



)- 



g— ni52r- _ g— nfc2r 



n(fe2 - ^2) - 2^2 



n{h 



I ( 1 _ e-n(fe2-<52)rA 



(^2 - S2) - 2k2 



-2k2r p—n{k2—S2)r 



:= f{r) 



Thus, we have 



Area{Sl}{p)) 
Using the inequalities Si < ki, we have 

lim f(r) 

r— >oo 

lim T{r) 



n{k2 - S2) 
1 

n{ki - Si) 
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As a consequence, we have 



n{k2 — S2) r->oo Area(S^(p)) r-»oo yl.rea(S'^(p)) n(A;i — (5i) 

In the case when K = —k'^, k > 0, S = nS, 6 < k,hy denoting ki = k2 = 
k, di = $2 = S, we have 

yoZ(5;?+i(p)) 1 

hm — 



r-->oo Area{Sl!-{p)) n{k — 5) 

This completes the proof. 
■ 

E X a m p 1 e 1. Let U he a open bounded strongly convex domain in R". 
Take a point x e U and a direction y G TxU\{0} ~ C/\{0}. Then the Funk 
metric F{x, y) is a Finsler metric that satisfies the following condition 

The indicatrix at each point for the Funk metric is a domain that is a 
translate of U . 

The Hilbert metric is a symmetrized Funk metric: 

F{x,y) ■.= ^{F{x,y) + F{x,-y)). 
Note that for the Funk metric = U. Thus 

aFix) = — — — , = — — — 7— - = const. 
' VoIe{B^) VoIe{U) 

Let F be the Funk metric and let F be the Hilbert metric on a strongly 
convex domain U in M". 

Then geodesies of the Funk and Hilbert metrics are straight lines, the 
Funk metric is of constant flag curvature — the Hilbert metric is of constant 
flag curvature —1, and the Funk metric is of constant S-curvature [4]. 

Let F be the Funk metric on a strongly convex domain U in M"+^. It 
is known that the S-curvature is equal to 5 = = n5, flag curvatures is 
equal to —k"^ = —\. Then the condition 5 <k does not hold. 

It is known that for the Funk metric 



Vol{Bj;:+\p)) /o''(e "2+'*sinh(|) 



dt 



Area{Sl'{p)) 



"an^*" sinh(|)^ 



and one can show that 



Vol{B^+\p)) 

hm — , .. = 00. 

r-*oo Area{t>l!-{p)) 
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Indeed, using Mathematica program, one can compute that 
/o (e-'^*sinh(|))"o?i 

It is clear that such function grows to infinity as r tends to infinity. 
In an (n+l)-dimensional Euchdean space such ratio also tends to infinity. 
This shows that the restrictions Si < ki in the hypothesis of the theorem 
are essential. 
□ 



(e^_l) / e-^-(e'--l) ' 
" + 1 Ve-^'-(e^-l). 



4 Estimates on the volume growth entropy 

Let (M""'"^,F) be a Finsler manifold. Then the exponential speed of the 
volume growth of a ball of radius i > is called the volume growth entropy 
of (M"+\ F). The exphcit expression for the volume growth entropy is given 

by 

t^oo t 

In this section we estimate the volume growth entropy of a Finsler- 
Hadamard manifold with the pinched flag curvature and the S'-curvature. 

Theorem 5. Let {M^~^^,F) be an {n+1) -dimensional Finsler-Hadamard 
manifold that satisfies the following condition: 

1. Flag curvature satisfies the inequalities — A;! ^ ii' ^ ki,k2 > 0, 

2. S -curvature satisfies the inequalities nSi ^ S ^ nS2 such that Si < ki. 
Then we have 

t— >oo t 

If (M'^'^^jF) is a space of constant flag curvature K = — fe^ and S- 
curvature S = nS, S < k, we have 

i— >oo t 

Proof of TheoremS: 
Define Xi{t) by 



Xiit) 



ki 
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It was proved in [3], [4] that under the conditions 1. and 2. the volume 
of a metric ball satisfies 



yoiE(§") f xi{s)ds < Vol{B^+\p)) ^ VolEi^'') f X2{s)ds 

Jo JO 
By the direct computation, we have 

Jo \ k2 J Jo 

= I (jn{k2-52) _ 1^ 

n{k2 - 52)k^ V J 

Therefore, we get 

hm ^ 4^ ^— ^ n{k2 - S2). 

t—*oo t 



(9) 



Next 

rt 



1 



( tn(ki-Si) _ 1) J ^ / tki{n-2)-nSi _ ^^ 



This implies 



) — >oo r 



And Theorem 5 follows easily. 
■ 

E X a m p 1 e 2. Let F be the Funk metric on a strongly convex domain 
U in M""*"^. Tlien the condition 6 < k does not hold. 
Then analogously as in Example 1 one can show that 

^.^ HvoiiBr\p)) ^ o_ 

t^oo t 

In an (n+l)-dimensional Euclidean space such ratio also tends to zero. 
This shows that the restrictions 6i < ki in the hypothesis of the theorem 
are essential. 

In was shown in [7] that for the Hilbert metric on a strongly convex 
domain U in M"'+-'- 

t— +00 t 

Recall that n is precisely the volume growth entropy of EI"+^. 
□ 
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